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Free two-phase ﬂows occur in many practical applications, such as sprays or particle drying and combustion. This
paper deals with mathematical modelling of a free turbulent two-phase jet. A steady, axisymmetric, dilute, monodisperse,
particle-laden, turbulent jet injected into a still environment, has been considered. The model treats the gas-phase from an
Eulerian standpoint and the motion of particles from a Lagrangian one. Closure of the system of time averaged transport
equations has been accomplished by using a Reynolds-stress turbulence model. The particles–ﬂuid interaction has been
considered by the PSI-Cell concept. Both the eﬀect of interphase slip and the eﬀect of particle dispersion have been taken
into account.
Results of the model have been compared with experimental data for axial and radial proﬁles of gas-phase mean and
turbulent quantities and solid-phase mean velocity. Accuracy of model predictions of particle-laden free jet time averaged
characteristics as well as turbulence correlation coeﬃcients have been improved. The modelling of observed turbulence
anisotropy levels and correlation coeﬃcients need to be carried out with special care. The model has provided insight into
the turbulence structure and aerodynamic characteristics of the particle-laden free jet.
A brief sensitivity study has been performed as well, indicating that the speciﬁcation of inlet boundary conditions exerts
pronounced eﬀects on predictions. In this paper, the study refers to the eﬀect of the turbulence kinetic energy dissipation
rate, while the other inlet boundary conditions have been applied with respect to the referent measurements.
 2006 Elsevier Inc. All rights reserved.
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ﬂow [1]. These experiments have considered dilute solid-particle-laden jets in a still environment. Such jets
point out the eﬀects of particle dispersion by turbulence, while minimizing inﬂuence of particle collisions.
Problems of modelling free jets in general, arise because of the non-existence of sharp edges of the physical
ﬁelds, i.e., of the calculation domain, resulting in unexpected diﬃculties in solution convergence. So, although
more suitable for experimental investigation than enclosed ﬂows, both single-phase and multiphase free jets
proved to be much more complex for mathematical modelling.
In order to get introduced to the problem, earlier theoretical and experimental investigations of particle-
laden jets have been reviewed [2]. Theoretical investigations of particle-laden jets have given a number of dif-
ferent models so far. For example, there are models that neglect the eﬀects of slip between the phases and give
accurate predictions only for particle sizes smaller than in most practical applications [3,4]. A diﬀerent group
of models, sometimes called quasilaminar models [5] take into account interphase slip, but neglect turbulent
dispersion of particles, which means that only particle convective velocity is considered. Such an approxima-
tion could be appropriate only for ﬂows containing large particles. In general, these two groups of models
appear to have limited ability for modelling practical particle-laden ﬂows. Finally, a number of models, that
consider both the eﬀect of interphase slip and the eﬀect of particle dispersion, have been developed. One of the
particle dispersion models is well known Monte-Carlo simulation, introduced by Yuu et al. [6], using random
sampling for turbulent ﬂuctuation velocity in conjunction with trajectory model for particle motion. Gosman
and Ioannides [7] ﬁrst have proposed a more comprehensive approach, where ﬂow properties for the stochastic
calculations are computed with a k–e turbulence model. This approach has been a basis for a number of the
particle dispersion model modiﬁcations, such as [8,9]. Comprehensive and comparative analyses of diﬀerent
two-phase jet models are given in [1,8] and some novel approaches and modiﬁcations in [10–16]. In addition,
the signiﬁcant advances on free turbulent jets Large Eddy Simulations [17] and LES-based Eulerian and
Lagrangian particle-laden ﬂow simulations [18–23], have been achieved in recent years, as well as the advances
in DNS two-phase ﬂow studies [19,22,24]. The simulations coupling Lagrangian particles tracking with LES
[18,20,21,23] or DNS of the carrier-phase turbulence, or Eulerian–Eulerian DNS simulations [24] are powerful
investigation tools, useful for evaluation of diﬀerent modeling approaches. Still, both LES and DNS simula-
tions are numerically very expensive for practical applications.
For gas turbulence simulation, a k-e turbulence submodel is continuously being used in a wide range of
applications, both in conjunction with Eulerian two-phase ﬂow models [13,14] and Eulerian–Lagrangian
approach [9,10]. On the other hand, although its application for single-phase free ﬂows has showed an ade-
quate prediction of a ﬂat jet development, it has failed considerably when considering a round axisymmetric
free jet development. It has over predicted by 40% the spreading of a round free jet [25]. Thus, it is quite logical
that the k-e turbulence model does not give good results also in the case of multiphase round turbulent free jet
[26]. In this work, we have tried to ﬁnd the solution on the basis of Reynolds-stress gas turbulence model,
which accounts for anisotropy of ﬂow, supposing that the main reason for obtaining undesirable results is
the isotropy assumption in the k–e turbulence model. The particles–ﬂuid interaction has been considered by
the PSI-Cell concept. Both the eﬀect of interphase slip and the eﬀect of particle dispersion have been taken
into account. A stochastic approach to particle dispersion such as the Monte-Carlo method has the problem
of simplicity of the simulated turbulence ﬁeld. In this work, we have chosen one derivative of a phenomeno-
logical model, mainly because it is much closer to the physical essence of the problem. A gradient diﬀusion
approach has been used, introducing the particle diﬀusion velocity.
2. Mathematical model
2.1. Gas-phase mathematical model
In order to overcome some uncertainties in calculation of the free two-phase jet, in this paper, we have ana-
lyzed some speciﬁc approaches to solve this problem: (a) anisotropy of turbulent components is introduced;
(b) the boundary region of the jet and the surrounding stationary ﬂuid has been implicitly treated in the cal-
culations; (c) boundary conditions, that are set in quiescent ﬂuid, have been described based on the known
pressure in the ﬂuid surrounding the jet.
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velocity and ﬂuctuating velocity, respectively; P is mean static pressure, q is density, l is dynamic viscosity and
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The additional source terms Suip represent the sum of momentum change of all particles, which cross the
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particles.
Mathematical modeling of the continuous phase has been based on models developed for single-phase
ﬂows, but with the corrections due to the presence of particles.
Closure of the system of Reynolds averaged equations of momentum and continuity for stationary turbu-
lent ﬂow of incompressible ﬂuid has been carried out based on the solution of equations for turbulent stress,
having the exact form:Uk
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Convective transport (Cij), production due to main ﬂow deformations (Gij), and viscous diﬀusion (Tij), may
be used in their exact form. For modelling of the other terms, approximations based on the model described in
[27] have been chosen. Redistribution between components of stress (interactions of pressure and ﬂow defor-
mations) is given as:Uij ¼ c1 ek u
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; ð4Þwhere k ¼ u0ku0k=2 is kinetic energy of turbulence, G = Gkk/2 is production of turbulent kinetic energy, dij is
Kronecker delta, while:Gij ¼  u0iu0k
oUj
oxk
þ u0ju0k
oUi
oxk
 
;
Dij ¼  u0iu0k
oUk
oxj
þ u0ju0k
oUk
oxi
 
:
ð5ÞCoeﬃcients a, b and c are mutually dependent and are determined by coeﬃcient c2: a = (8 + c2)/11;
b = (8c2  2)/11; c = (30c2  2)/55. Viscous destruction is described by the dissipation of turbulent kinetic
energy e, (Eij = (2/3)e), for which the transport equation is solved:
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:Turbulence modulation due to presence of particles is not considered. This is not a limitation of the
approach we have chosen, because the eﬀects of turbulence modulation are small for dilute particle-laden
ﬂows examined here. In [13], for a dilute particle-laden round jet, gas-phase Reynolds stresses have been
calculated according to an algebraic stress model in connection with a standard k-e model, but without
interaction terms due to the particles-estimated to have small inﬂuence compared to the other terms. The
Reynolds-stress gas-turbulence model extended in order to account for the eﬀects of turbulence modulation,
is presented in [12], for the case of axisymmetric, conﬁned, particle-laden jet.
2.2. Particle motion and diﬀusion
For the dispersed phase, it is possible to use either Eulerian or Lagrangian approach. A Lagrangian
approach is closer to the physical reality and gives more information (trajectories, particle residence time in
considered control volume, etc.) necessary for more accurate prediction of particle motion in the turbulent
ﬁeld.
Motion of individual particles in a Lagrangian ﬁeld is described by the Basset equation, formulated for tur-
bulent ﬂow by Hinze [28].
In most cases the pressure forces, forces due to the particle ‘‘added’’ mass, Basset and Magnus forces may
be neglected. Instantaneous equation of motion for an individual particle is thus reduced to:mp
d~up
ds
¼ 1
2
CDqApj~u~upjð~u~upÞ þ
d3pp
6
ðqp  qÞ~g; ð8Þwhere mp is particle mass, Ap is particle cross-section area, CD ¼ ð24=RepÞð1þ 0:15Re0:67p Þ is the drag coeﬃ-
cient of relative particle motion, and Rep ¼ dpj~u~upj=m is the Reynolds number of relative motion. Vectors
~u;~up;~g are gas velocity, particle velocity and gravitational acceleration, respectively.
Introducing the coeﬃcient of particle diﬀusivity c ¼ Cd þ C0d ¼ 12CDqApj~u~upj in Eq. (8) and applying the
time-averaging procedure yields:mp
d~Up
ds
¼ Cdð~U  ~UpÞ þ C0d; ð~u~upÞ þ
d3p
6
ðqp  qÞ~g: ð9ÞSecond term on the right-hand side of Eq. (9) is the consequence of the turbulent ﬂuctuations in the ﬂow. Its
determination presents a problem not yet fully clariﬁed. One possible approach may be to separate particle
velocity into convective and diﬀusion parts:~Up ¼ ~Upc þ ~Upd: ð10Þ
Convective particle velocity can be obtained by solving the equation of particle motion in quasilaminar
ﬂuid ﬂow. In Lagrangian ﬁeld, equations of particle motion are integrated along trajectories with a constant
particle number ﬂow rate. Particle motion, as well as the turbulence itself, is essentially three-dimensional.
Regardless of the fact that for an axisymmetric problem the tangential component of the mean velocity is zero,
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force. Axial and radial components of convective particle velocity are thus obtained from the following
equations:mp
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ð11ÞExpression for diﬀusion particle velocity should take into account that turbulence has less inﬂuence on lar-
ger than on smaller particles, and that this inﬂuence depends on the turbulence intensity. These inﬂuences
could be taken into account through the characteristic response times for particles and the ﬂuid turbulence.
Characteristic particle response time to the ﬂuid ﬂuctuations may be considered as approximately equal to
the relaxation time:sp ¼
d2pqp
18 l
: ð12ÞTurbulence characteristic time is Lagrangian integral turbulent time scale:st ¼ ‘E
u02
 	0:5 ¼ mtu02 ; ð13Þwhere ‘E is Eulerian integral length scale of turbulence and u
0 gas velocity turbulent ﬂuctuation.
For determining the particle turbulent diﬀusion, analogy with the turbulent diﬀusion of the continuous
phase has been sought for. Following preposition of Melville and Bray [29], one can come to expression:mtp ¼ mtð1þ sp=stÞ1; where mt ¼ Clq
k2
e
; ð14Þwhere mt and mtp are turbulent diﬀusivity of gas and particles, respectively and Cl is constant (known from k-e
turbulence model).
Particle dispersion by diﬀusion velocity is highly stochastic process. Suﬃciently large particle number den-
sity in the ﬂuid, points to the possibility of reducing the problem to the global, averaged eﬀect. Thus, we come
to an assumption [30], that a particle diﬀusion ﬂux can be expressed in the same way as diﬀusive transport of
scalar variables, and may be connected to the mass transport relative to the main ﬂow:~Jp ¼ Cprqp;c ¼ ð~Up  ~UpcÞqp;c ¼ ~Updqp;c; ð15Þ
where qp,c is the particle cloud bulk density. Diﬀusion velocity is thus obtained from the relation:Upd ¼  1Np CprNp; ð16Þwhere Cp ¼ mtp=rp is the coeﬃcient of turbulent particle diﬀusivity and Np (1/m3) is the particle number density
(particle concentration), being constant along each particle trajectory considered, even in the case of inter-
phase mass exchange.
To determine diﬀusion velocity of particles in two-phase ﬂow, Eq. (16), it is also necessary to know the par-
ticles concentration ﬁeld. It is possible to obtain particle concentration from Lagrangian particle tracking, as
done in the paper. In the stationary conditions, when the ﬂow rate of particles entering the ﬁnite volume cell is
equal to the outﬂow rate of the particles, local values of particle concentrations can be approximated on the
basis of the number of particles entering the ﬁnite volume:Np ¼
X
i
X
j
_Nij
AinUp;ij
; ð17Þ
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velocities of the dispersed phase are determined as the mean values of velocities at all trajectories crossing the
exit boundary of the scalar cell and at the point of that crossing:Up ¼ RiRjUp;ij
_Nij
RiRj _Nij
; _Nij ¼ 6ZiZj _mp
pqpd
3
pj0
; ð18Þwhere _Nij (1/s) is particle number ﬂow rate, from starting location ‘i’ (with mass fraction Zi) and initial particle
diameter class dpj0 (with mass fraction Zj), qp is a density of individual particle, while _mp is the particles mass
ﬂow rate.
2.3. Boundary and initial conditions
2.3.1. Gas-phase
Special attention has been paid to the boundary conditions, which should be posed in the ‘‘quiescent’’ ﬂuid.
Values of velocity components perpendicular to these free boundaries have been determined from the known
pressure on these boundaries (which is also equal to that in the quiescent ﬂuid) [28]. This was described in our
earlier works, for example [31].
For these free boundaries, which separate the ﬂow ﬁeld from its surroundings, it is possible to ﬁx the zero
values of the variables, or values of their derivatives, or to extrapolate the values of the variables in the vicinity
of the boundary. These possibilities have also been used for other variables in this paper.
Velocity components parallel to the outlet boundary have been determined based on the condition of neg-
ligible changes (oV/or = 0, where V is mean radial velocity and r is coordinate in radial direction). Values for
other variables at the outlet boundary have been determined, considering the non-uniformity of the grid, by
extrapolating the upstream values. The inlet proﬁles of the variables have been determined by the nature of the
problem. The nozzle wall in the plane of the inlet cross-section has been described by the standard wall func-
tions. For the axisymmetric ﬂow, radial velocity and radial gradients of all variables at the axis are zero.
2.3.2. Dispersed phase
The general form of the equation of the dispersed phase in Lagrangian ﬁeld is:dn=ds ¼ A Bn; ð19Þ
(for n—coordinate of particle in Lagrangian ﬁeld) with the recurrent solution nn+1 = nn e
BDs + A/B
(1  eBDs), with constants A and B and with the initial conditions deﬁned by the solution from the preceding
time interval Ds. The condition of axial symmetry implies that the particles have an elastic reﬂection from the
axis of symmetry. This means that each trajectory crossing the axis of symmetry corresponds to the other par-
ticle trajectory crossing the axis from the opposite direction. The lateral boundaries of the ﬂow region are far
from the jet boundary so the particles do not reach them, leaving the ﬂow domain through the outlet cross-
section of the jet.
2.4. Numerical details of the simulations
Discretization of partial diﬀerential equations into the system of algebraic equations was performed by
means of the control volume method and hybrid numerical scheme, while the system was solved using TDMA
(three-diagonal matrix algorithm). A staggered numerical grid was selected and used, because the calculations
with the collocated grid did not provide a good convergence of numerical solutions. In the calculation domain
(the half of the entire ﬂow domain) structured grid with 200 · 65 = 13,000 grid nodes was used and 300 par-
ticle trajectories were numerically tracked. The grid was spreading downwards in axial direction and also from
the axis of symmetry in radial direction. For the purpose of testing the consistency of the numerical results a
grid reﬁnement study was carried out and the inﬂuence of the number of the particle trajectories was examined
as well. It was found that neither the application of ﬁner numerical grids nor the further increase of the tra-
jectories number gave any important diﬀerence in numerical results. The number of the particle trajectories
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using the particle dispersion model proposed and described in the paper.
3. Modelling results and discussion
3.1. Referent experimental data
In order to evaluate the applied mathematical model and numerical procedure, we have compared obtained
results for particle time averaged velocity, as well as gas-phase time averaged velocity and turbulence charac-
teristics, to the experimental results provided by Shuen et al. [1].
The referent data [1] were obtained using a jet tube with internal diameter of 10.9 mm and the particle-laden
jet was directed vertically downward within the test cage into a room of still air. The initial conditions of both
phases were measured at the jet exit, i.e., at x/d = 1, where ‘x’ is coordinate in axial direction and ‘d’ is injector
diameter.
In the paper, we have compared our numerical results with referent experimental data for one size of sand
particles, i.e., for Sauter mean diameter 79 lm and for ‘loading ratio’ (ratio of injected particle mass ﬂow rate
to air ﬂow rate) of 0.20, which is the case of the smallest particles and the lowest ‘loading ratio’ considered in
measurements. It should be noted that the consideration of relatively small particles might emphasize the
importance and validity of particle dispersion model applied.
Mean and ﬂuctuating gas velocities were measured with a single-channel, frequency-shifted He–Ne laser-
Doppler anemometer. Both the jet and the surroundings were seeded (0.2 lm aluminum oxide particles) to
eliminate concentration bias. The tangential component of velocity ﬂuctuations, w02
 	1=2
, was not measured
and was assumed to be equal to v02
 	1=2
when calculating the turbulence kinetic energy.
Mean and the ﬂuctuating particle velocities were measured using the same laser-Doppler anemometer, but
with no seeding particles and with low detector gain so that only strong scattering signals from test particles
were observed. Mean particle velocities along the jet centerline were checked using the double-ﬂash photo-
graphic technique.
Uncertainties in mean and ﬂuctuating gas velocities were estimated to be less than 10% and were repeatable
within 5%, while for particle velocities were less than 15%.
Detailed description of experimental installation and measuring technique is presented in [1,8] and full
details and a tabulation of all experimental data are provided by Shuen et al. in [1].
3.2. Axial variation of ﬂow properties
Predicted and measured proﬁles of centerline particle-laden jet ﬂow characteristics along the axis are illus-
trated in Fig. 1.
Results are given for mean (time averaged) gas-phase and particle velocity and for gas turbulence intensity
in axial and radial direction, all with respect to a relative axial distance x/d, where ‘d’ is injector diameter.
Mean velocities are normalized by the values at the injector exit (inlet ﬂow conditions) and turbulent values
by a gas-phase centerline mean velocity at the axial distance considered.
In general, all predicted proﬁles agree fairly well with measurements. The agreement for centerline mean
gas-phase velocity is practically complete, which is very important as a good basis for the rest of calculations,
especially because both axial and radial proﬁles of gas-phase properties are given normalized by means of this
velocity. The model predictions for mean particle velocities along the jet axis are in good agreement with mea-
surements. Some diﬀerences, for x/d = 5 and 10, are probably the consequence of measuring uncertainties.
The axial variation of gas-phase turbulence intensities in both axial and radial direction show fairly good
agreement of model with measurements, except in the near injector region, where the model underestimates
turbulence levels. It should be noted that turbulence is still developing in this region, so perhaps some diﬃ-
culties in modelling could be expected, regardless of the type of model applied. This underestimation was
clearly showed also in [1], with the application of model which neglects the eﬀects of slip between the phases
and the model considering the eﬀect of interphase slip, as well as the eﬀect of particle dispersion, both using
Fig. 1. Axial variation of centerline particle-laden jet ﬂow properties.
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to the values predicted by our model, as well as by the models used in [1], all neglecting the eﬀects of turbu-
lence modulation.
3.3. Radial variation of ﬂow properties
Calculated and measured values of gas-phase properties: mean velocity, turbulence intensities in axial and
radial direction and shear turbulent stress, are presented in Fig. 2 (for relative axial distance x/d = 20) and in
Fig. 3 (for relative axial distance x/d = 40). For the case of low loading ratio considered, gas-phase proﬁles
approach the single-phase jet properties.
Predictions are in good agreement with the measurements for x/d = 20. Prediction for mean gas-phase
velocity is good for x/d = 40, while the agreement between predicted and measured gas-phase turbulence
quantities at this axial distance is less satisfactory. The calculated radial proﬁles are generally too wide com-
pared to experimental results and there is a certain overprediction. On the other hand, slightly under- and
over-estimation of turbulence intensities in axial and radial direction, respectively, in the near injection region
(Figs. 2 and 3) actually seems to be the sign of some measuring errors in the region.
Radial proﬁles of particle mean velocity are given in Fig. 4 (at x/d = 20) and Fig. 5 (at x/d = 40). Velocities
are normalized by particle centerline velocity.
Predicted curves generally follow the character of change of measured values. But there are some discrep-
ancies, probably due to the inﬂuence of gravitational force, since the particle-laden jet has been directed ver-
tically downwards. Since the particle velocity from Figs. 4 and 5 is the particle velocity in Eulerian ﬁeld,
Eq. (18), which includes the inﬂuence of both particle convective and diﬀusion velocity, perhaps some changes
in deﬁning the particle diﬀusion velocity are required, in order to improve the model of particle motion and
dispersion.
The predicted values of gas-phase centerline mean velocity and particle centerline velocity are
Uc = 8.808 m/s, UPc = 16.78 m/s, at the axial distance x/d = 20 and Uc = 4.216 m/s, UPc = 8.047 m/s at the
Fig. 2. Radial variation of gas-phase mean and turbulent quantities for particle-laden jet at x/d = 20.
Fig. 3. Radial variation of gas-phase mean and turbulent quantities for particle-laden jet at x/d = 40.
M. Sijercic et al. / Applied Mathematical Modelling 31 (2007) 1001–1014 1009axial distance x/d = 40. At the very beginning of the particle-laden jet UPc (=24.13 m/s) is slightly smaller than
Uc (=26.07 m/s), while from the distance x/d = 5.4 downwards, particle centerline velocity becomes greater
than the gas-phase velocity.
Fig. 4. Radial variation of solid-phase mean velocity at x/d = 20.
Fig. 5. Radial variation of solid-phase mean velocity at x/d = 40.
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The predictions for the gas-phase mean velocity vectors and contours of the velocity components are pre-
sented in Fig. 6. The velocity vector ﬁeld is simple, but gives a realistic picture of ﬂow, including entrainment
of surrounding ﬂuid. The contours of axial and radial velocity components show the spreading of the jet.
The predicted contours of the gas-phase turbulence intensities and shear turbulent stress are given in Fig. 7.
The boundary of the turbulent ﬁeld, irregular in shape, is clearly visible in the contours. As expected, the
boundary region ﬂow is not continuous but becomes more and more intermittent toward the outside.
Fig. 7 clearly shows a feature of free turbulent ﬂows – the intermittent character of the turbulent ﬂow in
the boundary regions between the mixing zone and the undisturbed free stream outside. Particularly in the
intermittent boundary regions, the solutions of diﬀerential equations, based on the assumption of isotropy
of eddy diﬀusion, fail. Actually, the eﬀective value of eddy diﬀusion coeﬃcient decreases rapidly in these
regions as the outer edge is approached; this is reasonable, because gradient-type diﬀusion at a point can occur
only during the period in which the ﬂow at that point is turbulent. Reynolds stress model, used in this paper, is
to overcome also this diﬃculty.
In addition, the calculations with no turbulent dispersion terms, i.e., with zero particle diﬀusion velocity,
were performed. Since our calculations were done for the case of the lowest ‘loading ratio’ considered in ref-
erent measurements, the obtained diﬀerences for gas-phase mean and ﬂuctuating velocities were not signiﬁcant
and could have not been clearly seen on diagrams or contour plots. Though, slightly lower values of gas-phase
centerline mean velocity were predicted, in comparison with the basic case with particle diﬀusion velocity.
When considering gas-phase centerline ﬂuctuating velocities in both axial and radial direction, slightly higher
values were obtained, except at the end of the jet, where the values were lower, compared with the basic case.
Fig. 6. Gas-phase mean velocity vectors and velocity components contours.
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The results of our predictions, as well as the referent measurements [1], are sensitive to inlet boundary con-
ditions. For the calculations in the paper, the measured values for gas-phase mean and ﬂuctuating velocities
have been used. Injector exit centerline velocities (measured and averaged at the cross-section) are: for air
26.07 m/s and for particles 24.13 m/s. All the gas-phase measurements results, except near the jet edge, are
similar to the properties of the fully developed pipe ﬂow. The inlet boundary conditions for the particle-laden
jet considered are given in [1], in the form of radial proﬁles plots of both gas-phase and solid-phase mean and
turbulent quantities (the proﬁles of gas-phase mean velocities, turbulence kinetic energy and Reynolds stresses
and the proﬁles of mean particle mass ﬂux, mean and ﬂuctuating particle velocities and particle turbulence
kinetic energy).
With respect to the fact that the calculations were performed with these measured values, only the inlet
boundary conditions for dissipation rate should have been determined numerically, as a function of measured
quantities. This was done in accordance with the fact that the experimental ﬂow conﬁguration ensured fully
developed turbulent proﬁles at the tube exit, which formed the inlet to the free-jet ﬂow. Non-dimensional tur-
bulent kinetic energy dissipation rate has been described by the well-known expression for fully developed tur-
bulent proﬁle eþ ¼ eR=U 3s , where Us is the friction velocity and R is the pipe radius. With the known
turbulence kinetic energy k, the dissipation rate in the node next to the wall is given as e ¼ C0:75l k1:5=ðjyÞ, where
Cl is structural parameter of turbulence and j is Von Karman’s constant. This approach usually gives good
results if it is used for describing inﬂow boundary conditions and it has been here applied to the calculations of
the jet. It was found that the level of dissipation rate had a very important inﬂuence on numerical results.
Increase of the dissipation rate level gave the better approximation of the experimental data (we changed
Fig. 7. Contours of the gas-phase turbulent quantities.
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the theoretical values.
4. Conclusions
The main aim of investigations described and analyzed in the paper was to develop and evaluate a math-
ematical model, describing a behavior of dilute particle-laden round free jet. The model takes into account
both the eﬀect of interphase slip and particle dispersion and incorporates a Reynolds-stress turbulence model,
reasonably considered to be physically more appropriate than k-e model, used in most predictions, but not
M. Sijercic et al. / Applied Mathematical Modelling 31 (2007) 1001–1014 1013giving good results in the case of single-phase as well as multiphase round free jet. Because of the fact that the
two-phase ﬂow considered is dilute, exclusion of turbulence modulation from the model has not given signif-
icant error. This is one of a few attempts made so far, for solving this, numerically diﬃcult problem, by means
of a complex approach, including a Reynolds-stress turbulence model.
Comparisons between the results obtained using the suggested model and the results of corresponding
experimental investigations made previously and taken from references, have showed mostly a good agree-
ment and have emphasized the need for improving the model in some aspects, for example with respect to
the particle dispersion. The predicted contours of gas-phase mean velocity and turbulent quantities, for par-
ticle-laden jet, are presented as well, providing the insight into aerodynamic and turbulence characteristics of
the jet.
Sensitivity analyses indicate that the speciﬁcation of inlet boundary conditions exerts pronounced eﬀects on
predictions. The sensitivity study in the paper refers to the eﬀect of the turbulence kinetic energy dissipation
rate, while the other inlet boundary conditions have been taken from the referent measurements.
These investigations are expected to be a good start for development of detailed and reliable mathematical
model of a two-phase round free jet.Acknowledgements
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